§ Iﬂ*e%fa\ Colculus on  Surfaces .
We have talked about differential calculus on surfaces ,
NON, we move on o -‘w"csra:h‘ov\ .

Qm@S'h‘ovl’. G.‘ven a 'Fhmc‘t‘ov\ : S R o a s‘uv-faag S R

how to define I :)
S

2
SOW\C pro‘aerh‘es oot (n+e5ta+-‘on oW {R -

(1) Fov ony bounded subset Ue {Rz ;

S = Avea(U)
u
(z) Change o varioble fovimula :

[ (x,9) dxdy = J (u,v) |Jacp |dudv
U u’

where 4’: u’—') U is +he chansc of coovdinate €v enrformetion
p(u,v) = (x,vr, v))

with Jacobion determingnt
2

du  ov
Jac p := det (dp) = det ( oY 2&)

E.l% |:|'ac¢| = ¥ <for poler coovdinates Y, O



(3) 3 various " Fundamenmtal Theorewns of Colevlus”’

Gicen's Theorem, Stokes' Theovem , Divergence Theoremn

J"d"w = Jw
Q an

De-F'-‘ : The SuPPort of & fun ction -F: S —» (R is defived as
o Closuwe n S

spt(£):=[xeS: Fx)+0)

% Let X‘u-i»VSS be a pavametyization of S

and ‘F: S = R be a €unction st. S?“'(“f) <V

Deti

(%) --- S‘F = f{o& l%—x‘;x%%“ dudv
S U

Remark: The def2 s -‘ndepeuclewf of +he cholce o‘f X , e

i.F X’= u’ -i> V e andther poram.n:trv‘tdw‘ow, +hewn

S. ‘f'& |%X;"%%‘” dudv — I. ‘f"&, | %%:"%%:" du'dv’
U T U

B ckause O‘F varicble (FX Prove -Hn?S")
-Forwwdﬁ '



Note:: Tf +he Function s not :uwovfeel ov a Smgle coordiuate
neighborkood | i.e. spt ( )Y€V , ohe Can use a“‘)arfi'h‘ov\ of
wﬂi‘hj" ‘<o decowpose ivto a (€ivite) suwm

= % " sk. S\"t( N)S Vy

is cowtaived M a Single coovd. whd . Vu . Then,

fs=2(x

S S
In practice, f X:U—>2S s a Pa«aw\.e.:tﬂ'm‘l'"o" whieh
Covers almost all of S (except a set of “measure zev0 )

+hen (%) s stit opplicable .

st. each Ty

EKGMB.Q: (Avea of +he Sfl«cfe)
The ParameH‘Zc‘h‘ov\ X H (O,z-'r) x (O,T) _ g(Y)

X(O,CP):z (YS"U\‘P cor O 'fh‘n‘f sm @, f“r?)

2
vers almost e whole sphere Tw) except for o |atitude

J

Area(g‘(t)) = S
-

Co

W Al -
= [ . ¥ s dody '
e \E,
XA



§ First Fundamental Form

RQCQ” +Hat we have defrued at each P on a swface S
+he ‘l’av\jewl' F\q\nQ T‘,S , which is a 2-dimensronel S‘ubrlmcc of ’Rg

BU Pwl"l'fv\S a\\ +hese +amjeu{' plaves -(vose-e\acf , We 52‘(’

tangent —
oo TS = {pvripes, veT,s

of S

Note: (e cam +hink of TS as a 2~‘>cmm.t+u 'Famﬂa o

2-dimensional vectsv Spsaces (c‘.Q.TPS) ‘)c\fomckrh.eé

bj poits P ow S .

(‘disjofvd uu?on"
L — ‘[
P TS =LlT,s
pP€S

S

/_\

= 3 R R .
STV\CQ eacw \PS is a S'Mbt‘)ac.e of R , it wherits +he

nner ‘)roéuc‘i’ from R® as well . Thevefore, we have +he

-Fo\lowc‘uj :



De—fﬂ : The Fivst Fundamental ~fovin ('“‘f.‘f.) a-f o suwrfocr

at a powt P € S is a positive definite , SYmmetric biline ev

~form (ie. on Trner ?roduvt) defived on TPS ba

9p: TS=TS — R

gp( , )"-‘-( , >R3

a

k& stenderd tunar Fmé“cf
in |R3

Note : TS is theun a Swooth ‘Faw\il-a of funer FroduC‘f Spaces

Paranu,fn‘ué lra S.

WNe can ex(ne:: +Hhe lﬁ ‘f.‘f. loca\laa as 2%x2 watr'es (%U)

IAS‘v'nj coordinate S‘jﬁzw\s as “follows:

Given a ‘;awm{rim-h‘ov\ X(u,u): U —> S,

_ 92X oX
T\’S = St ) Tw au;]]

We cown express %? bn a matrix oS

%" %lz X DX
(%‘-j)= ( 2 g where %.'3=<‘37:,a-°9
T (iy=12)

ﬁ 2x2 S‘yvnul:(:h‘c

matrix



: 2 2
Thevefore , if = ag,+ bW: S o%
wheve — = T
° =) P>IVH ou;
=c satdn
' 2
“them

R S [

&Mﬁ’"ou; How does e wmatrix (Q.J) +tronsforua whon we

chanse local coorvdineates ?

LQ'MMA : ( Transformation law for (80))
guppo:e (ﬁg) ond ('5,3) ave +he ISV £, expressed in local

Coordinates X(u.,u,) U —>S ond KXW, Uy : U —> S
respectively. Then ,

(5:3) = (D )T (%tj) (D )

~

| .
where = X ° X : 'u — U is +ke tvansition wap .

N

~ W,
an (9 Ej) /)

n

(35

— 1D

5> u,

=¢




a«u." au au;,aldz
_ |
= ' 9% X | _ ¥
(_ X _) oW, _3711 - (DX) (DX)
M |
2X3
3x2

On +he othey haud,
(9;) = (DF) (DX)
f—h § °
= (D¥)(DX) (DX)(DW) =X

= (DY) (95) (Dv)

Covollaga: Jdet Ty = Jaety) | Jact |
Jaet (3) = | I
J‘ — sz-t(gg) du.du,
) N

loenllj

dA s Oweo -forw\.



§ Gauss map & Second Fundamental Form

We now s*ud\j +he extrinsic 9eomet1\3 of surfaces and

JQ'F"WC voriouS notions of curvatures —For surfaces.

Recal : ( Plane erves)

Frenet , (‘r)'_ ko k([T
N N eq? ° N T -ko)(N)
\:\Q’AT v
ol T [C“"‘:‘“e = vate of chonge of T
=S - (ror(‘e of d«auge ot N)

Now , for on (ovientable) suv-face S , we cousider its

‘tovcent w oy N
buzdlg TS = a ‘FG""I'Q of +an53u+ p\anes TPS

HoPE 3
T?S ’ [—7 7S
ﬂ n “Cuwartme ! _ vete of change
F S of TeS

vate O‘F clﬂanse

S
of unit novrmal NP

]

Note: Tw R®, o 2-dim'l subspace P is detormmed
s unrt worwel N A P,

uh\'qbuw,ha (up to & S‘ijn) bj



Def2: Let S ¢ ng be an orlewtable swifa@, oriexted by

Qa s\oba\ unt novimel vector field coved

2 Gouss

N : S —_— > % wop
unit Sphes@
m RS

The Gouss wmap ™ is & Swmooth wap from S 4o g’

= we can cownsider its diffecential of any P € S

[Twear 2 4
AN?= TS — TN(P)SS = N(p) =TeS

Def? : The shape operetor | Weingprten map (At P) is e
lTweav o‘)erafov own T?S defined b\a

|inear

S =—dN‘> :T‘,S—)T?S

H-=+trS [ meoawn Curvobure

L.

K := det S w Gouss cunature

Effect of oremtation:

H ~ =H

K — K
M

(e olmmaed 1

N~>-N =S —-S =



Exaw\EIQS:
(1) Plowes

= const. vector

55:-0( =0 i-e. S__'(OO)

o9

o N
‘Pla't [
o

X I
]

(2) S?kwes S = Sz(y)zfpeﬂzg:up\l-.-r}
- F .
' ‘P)'upu =¥°P
-L o0
> S =-d :-'713 .‘.e.S=(:_L)
v

2
H T - - CovsTant wmeon 2
> = '

S=S%) K

| Gours curvetere

(3) Cylinder S = {(x,v),-z)eﬂia : x’-!-at: st

(x,92) = =(x,9.0)
e R
.
Quastion: How 40 compuie
e S z-dn 2

< T S Ans: Use local coovdinates !




Localla , We can Pataw\etﬁu the o«a‘o'nd'/v b‘a cylindrical

Coovdimetes ”

X(e.%)==( Cos O, sn®,2)
At each ?0\'\4\"’ on s s TPS s svanueé b‘a

g .- g = (- Q;\ﬁep 005'9, o)
FCE T

P§: (o0,0,1)

2.
o
Hewce, a (local) wunit normal vector fetd is

2 2
26 " 32 _ (050,58 ,0)

=

(9,2) =
| 55 *

2\ - 2N _ (-sinB, ®059,0)
dni (55) =56 = ©°

ol (%) =§€ = (0 ,0,0)

In towms of 4ne basie {36, %5) 60 TS

>

Sz‘d = v ©




m: Tn ol +we _xamp'es ohove , S ove rerveswfd
b\o Snmwﬂ:&ﬁc wmatriceS . This s -Facf a 3zn®r¢a|

PkemOmena .

Pﬂ_.‘ S =-d P ° -r?S = -\P‘,S 's a seif adjow'wt
Operator on & fumer produst space (TPS’<'>)-

Pro“‘f’ Take aw.% ?a-rame'tn'za-h'ov\ X (Uv) wvear P

— woan] 22 23X
-E,S_g? ‘au,Dvs

T+ suffices O prove

o. =)
<s(&y &> =< X 5(2y> | )

\

B\j abuse o‘f notation, we write

(uw.v):= o Y (w.v)

Sv'uce P A T‘:s v o\ P € S ’

X -
) < > v > =0
h rentia 3
He +t¢> S DX *< ?X)zo
wrt U ! 22U ’ DV > 7 duev =
——

d(Z) =-s(5



CPS
Hence , <S( 3X> = <

7 Quov ?
s:~milarha, < , % >S = o
d-‘#erw-h’atq QX ézx
wet Vo <S( ) au> = < > 9V ou
°X °X — (%
Pu IV - DV O T )

“mixed partiels
ore e same”

M'ﬁ : The secoud undamental “ormm (at P) with

Cespect to is +he 919mm-¢tv"c biliveer €ovun

A(u,v):=< Su,v>

Note : Tn local wosd. | T,S s?a“{aua auz)l

A, A,
A= ‘ : where Ay = Q( 2
A2| Au \‘ au' aUJ

-

\

—~—
S 3wwu4,t'r tc matnx



Bta SPeC'tY&‘ Theorem |, +we Celdf adjox‘vd' o?erd‘fw

S = - dNP : TPS —— TPS dv‘agonal.'zaue

et‘Squa(u.zS T X, X, principal curvatures

‘ ’ (ot p)
ei 5% vechrs : Vi , Vs Pn‘n cipal diwvections F
(uwit)

"
%‘ P€E S ic an umbilic potnt <¢=> at p

S is 1-0-{-@([‘0 umbilie <= eveny o € S is uwbilic.

ExamEhS :
Plave Sphere Cylinder

[/ e EEIE Lol

%lz«zio X=X

"

L
R
’K"."JR— KX22=0

N/ T

+o*a\t.o uwmbilie hot vmbilic



§ To'l'alha Umbilic Surfaces

Thm: S < fRs Covmmected = S is covtained in -

+o+a".a umbilic Qa P'ane oy SPhere .

Prwf: Reca\l #het +°+a“3 umbilic wmeans

K (p) = Kaulp) at every p €S
ie. 3 function £ : S —5 R st

S =-dNp = F(p) Id : T,S =TS
EL‘- Show +nat £ is Simooth !

For 20 ?ammtv\‘zk\'\‘ow X(“o") on S R

X —?—: X
[S(a_u):{% = RS
2%y _ ¢ X N _ . 9%

S(a")°{'a_\; '57‘{ oV
DN _ of X 22X
> T 2vou = 5au+¥ 3\13‘&
DN _ of az_‘_.p oX
T ouwv - u ov oudv
of X of X
> ‘a;\(;a-“ - ou ov
X 22X
= =0 ({ET] o mee)

i.e. ‘F \s (localua) constant ( S co-mecfed)



]}
o

= N = cwst. Pplane!

Case 2:

Case 1: £
+

C*0

Clajm : S 'S covtaived wn a Sphere of vodius =——

\cl\
T+ sufpices to show:

nter er
X"-‘\F"NEO"\*S‘*.%(& of +ue gphere
Note thet
D \ _ 3% 139N W
au(z"'_:;-'\')‘ oa T £ 2u =0

S')'milarka ,

(e ) =0

This proves Hhe Claim Swee S iSs cownnected .

§ Normeal curvatures

We now want ‘o Tvﬂ’zvvre* +he 2“ 'f‘f A as

evalua'h'nS +he Cuwature of certaim Plane cuvves

|9o’u3 £.Y,) S

RQCQ” : N

3 k =<a”
\Ly ~
7
ol

with ovientetion {T ’N))




Let S c fkg be a surface Oviewted b\a

Fix pe S ond a unit 'l'av\Sw'(— veetor V € T‘,S

Consider the oviewted plane R
r
PVZSPOM{V, Pl — T
— v
Pos. ovteutation
—T
N‘“‘c‘ﬁ Clk"’g S a(°“3 sowe resu‘av

Cunve (why?) plb.a.L.
d: (-£,6) — S st olley=p , (o) = v

whickh can also be fQSAféecl as a p\av\e cune on Py

i Wi curvature
’ Ry = < ot'(0), Np> | — (#)
oS v Ov +he other Wand |, smee o € S
’ =  ots) e'l'dms , ¥'s
S A, N(aum)Pso VS

D) Herentrate

W.Y-'t. s —: f d(ﬁ,, P> + <kd’(°) ’ d P(d’(ol)>=°

~— - —
at S=0 kv EYOR




1e. A (\I,V) - kv (novmal cunveture alo:ng v )

Ba +he variational chevacterizetion of eigenvalues,

+he Pn'vlu‘va\ cunetures (at P’ ave

Ki = min kv X, = wmax kv
veT,S & VeT,S
flvii=14 ivii= 1
ELLW: C(a\s'nur Pv.
S P, N

éé;//; p y )




We have “the ’Followv‘uj local picture of susfaces:

= AL

P

K>° K=o Ko

Q“f?‘h'c ’ "P\auo.f / Pamboly‘c" " hg‘bubo\"c"



§ an ‘_Fuudameufal “4ovwm as Hessian

Let ‘F : S —— R be a smooth €unction .
M: P € S s a critical t of -f

Question: Com one define 2" derivatives of £ ?

Def? : The Hessian of + at a critical poit PE€ S

is defived as a wap :

4f,: T,S — R

whae h:(-%¢€) > S

£5, ()= (Foa) o

o) =p , k()= V

Le,wma : dz‘FF is a well-defined %uadwch‘c €ovim on T?S

Pr00f3 Evewa-t-l«»'ua is “local” . Fix any local woovd. near ? givew

‘ua a ?avametr?za-h‘oh X(M,v) ’ \73 obuse of wnotation,

f = ‘?(IA,V)

o(t) = X (uw,v))

’ ' ) ’ )
= = w(o) = L
V (o) ) StV S



Hewee, (Feat)t)= F(uw ,ve)) . Differentiate wet. £
v o oF fF
(Foo)t) = ST - W) + 55 v'(t)

Differentiate again and evaoluate ot t=O,

<
A u(o) + 2 W) vio) + —|V (o)
(‘$° )(o’ au’av vt P
- P isa u(°) + V(o)
cvit. pt.
“Thevefove , we have 2

o4 o+

dff(v) = (o ) (o) = (U vior) :‘; a‘;;") (M(o))

e — ‘3VIu ov®
\V/ )
' Hecs{‘?

Note: The Hessian is NOT well-defmed os above f

P S not a critical pf. There is a woy o modify e

defintion so Fhet it is well-defined at every pot. That

uses +he IF 5. +o define +he concept of covariowt derivative,

which win be discussed \ater .



STU\CC dzfp is JuS‘l' +#e wsuecl Hessian Of f w (ocal

Coovdinates , We alse have 2"6 derivative test «fov swmooth

-Fw‘l’i‘ov\s own Surfaas.

Now, fix a point p € S , we know +hat locally S
s +he gra‘,h of a function wnear o .
B‘a tromslation & rotation, WLOG , we can assung p=o

and wveor P

4(0,0)=0
= = +(%x,9) where ,
S {? ‘F * '5 V5 (e,0) =0 .

|dewnce, 'I'PS = {z2=0)= spanf%(,%al) = R*.

Prop: AP = Hessf (o,0) (%)

M Take an\a wnit vector € T\’S , vecall #hret

el cuw atn
AP( , ) - k « WO 1) 3

B(: (.-epi/) — s
a(ed>=0,
o'to) =

{ ?"(0), N(o)D
| S

"
(e,0,1)

= Hessf  (v,v)

(o 10)




Rewmork: (%) does NOT hold of points other than o (

) L% ctuwres
The Pro?gsa-h‘ov\ above .‘wPl.u e “Follow 3 local pic

KP: d‘,tAr>° szde“'A?<° szd&*A?’O
(ie. A‘, s (’Qs-l‘ﬂeﬂ' (e A? is "“W"m) (e AP T descacrd!)
defmite ) .

planay
P oR
P
OR
“hyperboric” p Pavobelic
OR

: S‘Q\Mef‘ﬂnj else ?
“eliptic



